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ALGEBRAIC COHOMOLOGY OF TOPOLOGICAL GROUPS

BY

DAVID WIGNER

ABSTRACT.   A general cohomology theory for topological groups is de-

scribed, and shown to coincide with the theories of C. C. Moore [l2] and

other authors.    We also recover some invariants from algebraic topology.

This article contains proofs of results announced in [l5l-   We consider alge-

braic cohomology groups of topological groups, which are shown to include the

invariants  considered by Van Est [6], Hochschild and Mostow [7], C. C. Moore

[12], and Täte (see o])-   We identify some of these groups as invariants famil-

iar from algebraic topology.

Let G be a topological group.   A topological G-module is an abelian top-

ological group A  together with a continuous map G x A —> A  satisfying the

usual relations gia + a) = ga + ga ', igg ')a = gig 'a), la = a.   The category of

topological G-modules and equivariant continuous homomorphisms is a quasi-

abelian category in the sense of Yoneda [16], and hence we get Ext functors

just as in an abelian category.   A proper short exact sequence will be a sequence

0—* A —> B   -^  C —»Oof topological G-modules which is exact as a sequence

of abstract groups and such that  A  has the subspace topology induced by its

embedding in  B,   and such that u  be an open map.   For any G-module A  we de-

fine the algebraic cohomology groups  H'iG, A) to be the zth Ext group

Ext! (Z, A), where Z denotes the group of integers with the discrete topology

and trivial G-action.

There is another set of short exact sequences we might have chosen which

also give the category of topological G-modules the structure of a quasi-abelian

S-category in the sense of Yoneda.   We might have demanded that in addition to

being exact in the previous sense, there be a continuous map s: C —> B  such

that the composition  u ° s   be the identity on  C.   If G  is locally compact we

recover the "continuous cochains" theory, which is discussed in [5], [6], and

[7].   If   G   is not locally compact it must be shown that   continuous  cochains

are effaceable, i.e. that for any continuous cocycle c: G" —» A  there is a short

exact sequence   0 —► A —> B —► C —► 0 such that r ° c is the coboundary of a
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continuous cochain c :Gn~    —> B.   If G has the weak topology with respect to a

countable collection of compact sets, this will follow from a lemma of Milnor [ll].

In this paper we consider only complete metric G-modules.   This is made

plausible by a theorem of L. Brown, L2J that if C  and A   are complete metric

G-modules, then the groups   Ext" (C, A) do not depend on whether we consider

all, all pseudometrizable, or all complete metric G-modules, provided that  G is

weakly separable (i.e. that any uniform cover of G has a countable subcover).

Furthermore our arguments also apply to the category of complete separable metric

G-modules, hence to the functors of [12]-

1.   Definition of the H'iG, A).   (See [l6], also [9, Chapter 12, 5l-)   Let Al

be an additive category (with direct sums) and 0: A —» B  be a map in Al.   A map

N —i A   is called the kernel of 0  if the induced sequence of abelian groups  0 —>

Horn (C, Ai) —» Horn (C, A)—* Horn (C, ß) is exact for any object C of Al.   Dually

a map B —> L  is called the cokernel of 0 if the sequence

0 — Hom(L, C) -> Hom(B, C) — Horn (A, C)

is exact for any object  C  of Al.   This implies that the compositions  N —> A —> B

and  A —» B  —> L  are  0.

Definition.   A sequence 0 —> A   -^»  B -^  C —> 0 of maps in Al is called

proper exact if o is the kernel of r and r is the cokernel of o.   An rz-term long

exact sequence in  Al  is a sequence of short exact sequences

o-. r.

S. = 0— A.-—>B. —*-»C.-» 0.       1 < z < w,
I 1 ! ! ' -        -

such that  C . = A .   ,   for   1 < ¡ < n.    It will usually be written
ii+l — '

0 —/I, -!— B, -U B, ... -"—^  B    —?-> C   — 0
112 71 7!

where p. = o.      °r.,   Yoneda defines  EXT" (C, A) as the set of rz-term long exact

sequences with  A , = A, C    = C.

Definition (Yoneda).   An additive category is called quasi-abelian if it sat-

isfies the following conditions (Q) and (Q   ):

(Q)   Any proper exact sequences 0 —>A —»B    —> C  —>0 and 0 —» C —> C

can be combined into a commutative diagram with proper exact rows and columns:

0 0

1 1
B — C — 0

1        1
B'—c'—0

1   1
D   = D

1        1
0        0

(Diagram Q)

A

II
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(Q*)   Any proper exact sequences   0 —>/4 — ß—, C —»0 and  A —> A   —» 0

can be combined into a commutative diagram with proper exact rows and columns:

0 0

1 1
D   = D

I I
A — B — C-» 0

I        I »
A'^ß'^C — 0

1        I
0       0

A quasi-abelian S-category is an additive category with a distinguished subset

S of proper exact sequences which satisfy  Q and  Q  ■•

As an example we have the category of all abelian topological groups and

all proper maps thereof; in this case a map is proper if and only if it is open with

respect to the relative topology of its range.   In Diagram Q,  C is a closed sub-

group of C  , B  is its inverse image in  B     which is again a closed subgroup.

Since  B 3 A  we have  B/B    = C/C    which is  D.   This verifies (Q).   In Diagram

q*   D   is the kernel of  A —► A ',   B ' S B/D,   and A D D,   we have  B '/A ' =

B/A = C.   Also for any fixed Hausdorff topological group G one can consider the

category )KG of G-modules, complete metrizable abelian topological groups A

with continuous action  G x A —• A   satisfying la = a,   igg ')a = gig 'a) and

gia + a  ) = ga + ga    and continuous equivariant homomorphisms.   As with abelian

topological groups the totality of all proper maps gives mG the structure of a

quasi-abelian S-category and henceforth JRG will be assumed to be equipped with

this structure.   In a quasi-abelian category Yoneda defines functors Ext"(C, A)

as a certain quotient of  EXT"(C, A), the set of «-term long exact sequences.

Let 0 — A ~> B , —»...-» B    -» C —> 0 and 0 —> A — B,' ->-> ß ' — C —> 0
In In

be elements of EXT"(C, A).  We say there is a map between them if there exists a

commutative diagram

0 -»/l -* ß, — ... — B   —> C—> 0
l n

!!         1 | I

0 — A — B\ -*-> B'  -^C—01 zz

Ext"(C, A) is defined as the quotient of EXTn(C, A) under the equivalence

relation generated by maps between long exact sequences.

If A  is a G-module, we define H'iG, A) to be   ExtL   (Z, A), where   Z   is

the group of integers with the discrete topology and trivial G-action.

It follows from Yoneda's work that if 0 —» A —» B —> C —♦ 0 is a proper

(Diagram Q*)
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exact sequence of topological G-modules, we have a long exact sequence

0 — H°iG,A) — H°(G,B) — H°(G,C) ~*HxiG,A)

— H lÍG, B) — HAG, C) -» H2iG, A) — ... .

We can then complete a diagram chase to show the  HlÍG, A) are universal functors

[4] and prove a "Buchsbaum criterion" for the  HlÍG, A).   Namely an exact con-

nected sequence of functors H'iG, A) is naturally isomorphic to the H'iG, A) if

H (G, A) =H (G, A) and satisfies the following condition:

For  z > 0  and  X £ H'iA) there exists a proper monomorphism  6: A —> B   such

that 8*iX) = 0.   It follows immediately from Buchsbaum's criterion and results of

C. C. Moore [12] that the functors of [l2] coincide with the H'iG, A) described

above.

Henceforward let G be locally compact a-compact and let mG  be the category

of complete metric G-modules.   If A  is a G-module let C"ÍG, A) be the set of

continuous maps of the 7Z-fold cartesian product  G"  into A.   Let 8  : CniG, A) —'

C"+ (G, A) be the usual coboundary operator: 8 fig .,•--, g  ) = gjig, • ■ ■ g  ) -

f(g08v #2' " " '¿O + '" ' Í/^0' ' ' ' '^n-1^   Define fr"(G- A"> as the 72th co-

homology group of the complex 0 — C°iG, A)   -°*  cHg, A)   -**-   C°ÍG, A) ^

A  are the continuous functions from G   = point into A.   S.a = ga — a so

/>°(G, A) ^HomIc(Z, A) S f/°(G, A).   If FÍG. A) e%G is the module of continu-

ous functions from  G into A  topologized with the compact open topology, the

natural map A —» FÍG, A) kills  îf'iG, A) (cf. [7]).   The  /?'   form an exact con-

nected sequence of functors if we demand that all short exact sequences   0 —> A

—• B   —» C —* 0 have a section, i.e. a continuous map p: C —» B  such that n ° p =

identity.   We call this the "continuous cochains" theory.

Now suppose  G  is zero-dimensional.   Then the H'iG, A) are exact for arbi-

trary short exact sequences because of the following theorem of Michael:

Theorem M.   If n: B —> C  is an open homomorphism of complete metric topo-

logical groups,  and if q: G —> C  is a continuous map of a 0-dimensional para-

compact space into  C, then there exists a continuous map p: G —> B  with n°p = q.

Hence by Buchsbaum's criterion

Theorem 1.   // G  is locally compact, o-compact, zero-dimensional,   H'iG, A)s

Îf'iG, A) defined above.

We now show how to embed an arbitrary complete metric G-module in a con-

tractible complete metric G-module.   Let A   be a complete metric G-module with

a bounded, invariant metric p.   Let S  be the topological group of step functions

from the unit interval  [0, l] to A  which have only finitely many steps with metric

obtained from integrating p on  [0,  l]  and natural  G  action.   G x S —* S  is con-
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tinuous since the functions of S assume only finitely many values.   Let &A  be

the completion of S  which is also a G-module by [2l or [121.   &A   will be the space

measurable functions [O, l] —» A  modulo functions almost everywhere 0.   Let C:

&A x [0, l]  be defined by

Cif, a)(x) = 0, if x < a,

= fix),    if x > a.

C is a contraction of &A  which shrinks all distances; hence  Q>A  is contractible

and locally contractible.   In fact any contractible topological group is locally con-

tractible.

2.   Some fibration properties of open homomorphisms.

Lemma 1.    Let  0 —> A —> B —» C —»0 be an exact sequence of complete metric

abelian groups with  A   locally arcwise connected.    Let   PB  (respectively   PC) de-

note the space of continuous paths in  B (respectively  C) starting at the identity

with the topology of uniform convergence.    Then the induced map p   : PB —» PC

is open.

Proof.   Since  PB and   PC ate complete metric abelian topological groups, it

will be enough to show p^ almost open by the open mapping theorem.   Let d be an

invariant metric on B.   d induces an invariant metric d    on C by taking the dis-

tance between cosets of A.   Let e > 0;  we must show there exists a <5 such that

for any path in   C,   p: [O,  l] —♦ C  such that for all x e[0, l],dipix), id)<8 and for all

y > 0  there is a path in  B, q: [O, l] —► B   such that for all y £ [O, l], diqiy), id)

< e and dipqiy), piy)) < y.   Now d induces a metric on  A.    Pick 8 < e/4 and such

that any two points in  A  at distance < 4(5 of the identity of A   can be joined by a

path in  A,   all of whose points  s   satisfy  dis, id) < (/A.   Now by a theorem of

Michael [ll, II, Theorem 1.2], p lifts locally to q ': [0, l] —» \x £ B | dix, id) < 8\ =

N.   Since  [0, l] is compact we can assume it covered by a finite number of sub-

intervals /. = [a ., b ■], i = 1, • • • , n with a, = 0,  b   = 1, a. < b ■   ,, b ■ < a.   .  and
z z     z I        '    n        '     i        i— I     i        1+2

q.: ¡. —» N  continuous such that p ° q- = p\ L.   Now diq^ib), q! Ab-)) < 2<5  so

there is a path r.: [O, 1/2] — p~ lipib)) with rXo) = qf(b{), ril/2) = q[ j(fef),

dir.ix), id) < e.   Pick ß < min¿ (bVlOSb -+, - b)/l0) and such that for all i and

all  a with 0 < a < ß, dipib{ + a), pib.)) < y/2.

Define ^ as follows: for

0 < x < b, qix) = q'y'x),

b. + ß < x < bi+1, qix) = i?!+1U),

&. < x < b. + V2ß, q(x) = r.iix - b.)/ß),

bi+V2ß   <x<b{ + ß, qix) = q".+ yib. + (2(x - b.)/ß - l)ß).
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It is clear that  a has the required properties.   The idea of this construction is to

splice the  a.   together without going far from the origin.   This proves the lemma.

Definition. A complete metric abelian topological group A is said to have

property F if for any short exact sequence of complete metric abelian topological

groups 0 —»A —• B —>C —> 0, t has the homotopy lifting property for finite di-

mensional (paracompact) spaces. Dimension will be understood in the sense of

Lebesgue covering dimension. JnG will denote the category of complete metric

G-modules having property   F,   where a sequence is exact if it is exact in  JliG.

Proposition 1.   Let 0 —» A —< B —> C —> 0 be exact    in MG where A, C

have property  F.   Then  B has property  F.

Proof.   Let 0—> A —> B —» C —' 0 in 311G where A  and C have property F.

Let also 0—» B —< D —>E—> 0 in M   .   Consider the diagram in 3HG.

0 0

1 1
A        A

0 — B -> D —^E —0

1         I'
0 — C — C'->E — 0

I 1     °
0        0

Let b: X x I —» E be a homotopy of which property  F would guarantee a

lifting.   Since  C has property  F, h  can be lifted to  C .   Since  A  has property

F, h  can be lifted to  D.   This proves   B has property  F.

Corollary.   3HG  is a quasi-abelian S-category.

Proposition 2.   // A   is a locally compact closed subgroup of a topological

group G  the projection  G —> G/A  is a fibration.

Proof.   First suppose  A  compact.   Let h  be a homotopy of X x I —> G/A

and h.  be a lifting X x I —» G.   Consider the set S of pairs  (Aa, hj where Aa

is closed in A,  na: G — G/Aa, ¿a:Xxi- G/Aa, na°ha^h-  na ° h \ = ha\ X x '■

We define a partial order on S.   If AaC An,  n: G/Aa —> G/Ag and n ° ba= hß  we

say (A    hj > iA„, hß).   If t(A   , h   )!   ,   / is a linearly ordered subset of S we

obtain

^ G G
h : X x I —* lim ~á~ ~ 7*51-Ä—

y~el Ay    I lyEí^r

and  (llve/^v> ¿ ) is an upper bound.   Hence Zorn's lemma applies, and S  has
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(/4 g, h g) maximal.   But if A g / j l!, A g has a proper closed subgroup A. /■ A g such that

/4 g//4f is a Lie group.   Hence G/A( —> G/A g has a local   section and is a fibra-

tion, hence  iA g, h g) cannot have been maximal.   Hence A g = ¡ l|.   This shows

G —» G/A  has a homotopy lifting property for /4  compact.   But by the structure

theorem any locally compact A  has an open subgroup A     such that A     has a

compact normal subgroup A    such that A  /A     is a Lie group.   G —> G//4    is a

fibration.   Since /4 '/A " is a Lie group G/A " —♦ G/A ' is a fibration by [14, The-

orem l].   A/A     is discrete so G//1    —» G/A  is even a covering space.   Since

G —* G/A  is a composite of fibrations it is a fibration.

Corollary.   A locally arcwise compact metric G-module is in  mr.

Proposition 3.   A locally connected complete metric abelian topological

group has property  F.

Proof.   Let  PX denote the space of base-pointed paths of X.   Consider the

diagram

0 PA P&

e,

^P&A/A

x

0

The top row is exact by Lemma 1 and  cf> has the homotopy lifting property for

finite dimensional spaces since  PA  is locally contractible by Michael [lO, The-

orem 3.4, Proposition 4.1 and Corollary 4.2].   Let Z be finite dimensional, h:

Z x I —< &A/A, h ': Z —* &A  with r ° h ' = h \ Z x 0.   <ft \s a fibration with con-

tractible base so it has a section s: 0>A —> P&A-   X ° 4> has the HLP for Z

since both X   and cb do, hence there exists g: Z x I —* Fib.   with g\Z x 0 -

s ° h ',   and   X0(f,°ë~b,X°ë  lsa lifting of h to  &A  by the commutativity

of the diagram.   This shows that r has the HLP for Z.

We form the diagram

0

Í
'A

0

1
B

1*     .     I*'   -
"A

V

p
[r'

C ^0

&A/A   =   &A/A

Let h: X x I —» C, h   : X —> B  with h    = h\ X x 0 and  X  finite dimensional.
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Since &A  is locally contractible, p ' has the homotopy lifting property for finite

dimensional spaces again by Theorem 3.4 of [lO] so there exists g: X x I —> P

with p' °g = h and g | X x 0 = 0 ' ° /> '.   Since r ' o 0 ' o ¿ ' = 0 there exists j.

X x / — &A  with r°/ = ¿  and /1 X x 0 = 0.   Since r has the HLP for X,

t ' o (g _ a ' o j ) = o so the range of g - a ' ° f lies entirely in B.   Hence 0 '" l o

(g _ ,7   o f) is defined and lifts h  as required.   This proves the proposition.

Proposition 4.   // A, C are in 3H£,  Ext   F(C, A)^Extw   (C, A).

Proof.   Consider

0 — A — B

II        1
0 — A — êB — ëB/A — 0

with A £31(G and B £31¡G   .   feß is locally arcwise connected, hence eß/A  is locally

arcwise connected and in 3l¡G.   Hence anything which is effaceable in 3l¡G is

effaceable in  MG  and Buchsbaum's criterion is verified.

3.   Double complex.    We now assign to the topological group  G  a semisim-

plicial G-space SÍG).   SÍG) is a semisimplicial object in the category of topolog-

ical spaces with jointly continuous action of the group G and equivariant maps.

The rz-simplex  S    of this semisimplicial complex was the  (tz + l)-fold cartesian

power G"       of the space underlying the group G,   and the faces and degeneracies

were as follows:

d0^Sv g2>'"> & = gg^g2^" ' S„\

dig(gV-'-' «„) = «(« i»*'-» «i-i «£.•••• gj    for  0< i<n,

dn¿8l>'-'' gj= g(gv'"' «7,-A

si^gv--- - gj = g(gi'-"> 8,-_i» !. «,•»••' ' «J-

G acts by left multiplication on the argument outside the parenthesis.

Let A be a G-module.   Using the action of G on  S^  and A  we form the

space S    xc A  and consider the natural projections pn%. Sn xG A —> $n/G.   The

faces and degeneracies of SÍG) induce  faces and  degeneracies on the S   xG A

and on the S /G making them into semisimplicial spaces and these faces and

degeneracies commute with the natural projections pn.   Let Tn  be the sheaf of

germs of continuous sections of pn.   Since the identity of A  is fixed by  G,   there

is an isomorphism of T    with the sheaf of germs of continuous A-valued functions

on  S  /G.    The   T    have faces and degeneracies induced by the faces and degen-

eracies of SÍG).   The  T    thus form a semisimplicial sheaf TÍG, A) over the
7!

S /G,   i.e. a semisimplicial object in the category of spaces with sheaves and
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cohomomorphisms.   We apply the canonical semisimplicial resolution functor [l,

Chapter II] to the semisimplicial sheaf TÍG, A).   We then get a double complex

of abelian groups, Dp,qiG, A) = J piS /G, T ) the pth stage of the canonical

semisimplicial resolution of the sheaf T    over S /G.   We denote the pth co-

homology group of this double complex by  HpiG, A).

Associated to Dp,q is a spectral sequence with E. term Ep.q^HpiS /G, T ),

the sheaf cohomology of S /G with coefficient sheaf 7* .   Since S~/G is a point,

E,'°  is the abstract group underlying A.   It z e A, dj(a) eß°(Sj/G, 7*,) is a

continuous function from S^/G^G into A.   In fact d Aa) maps g into ga - a,

hence we see that H°ÍG, A)^AG^H°ÍG, A) where AG is the abstract group

of points of A   fixed by  G.

Now suppose G is finite dimensional.   G is then locally  Z x N  where Z

is a simplex and N is O-dimensional.   Now letO —'A —> B  —► C —> 0 bea short

exact sequence in M^i.   We will show r+: Dp,qiG, B) —» Dp,qiG, C) is surjective.

If   q = 1   and    / is a germ of a continuous map of  G  into  C, I can be represented

by a continuous map  l: Z x N —> C where  N  is O-dimensional and  Z  is a sim-

plex.   If z e Z, /1 z x N  can be lifted by Theorem Al.   But Z is contractible

hence the lifting /   such that rol =1 is guaranteed by property F.   Now Dp,qiG,   )

is easily seen to be left exact on Jí¡G hence exact on Mç.   We conclude that

HÍG,    ) is an exact connected sequence of functors on  Jlt_.

To prove effaceability we first consider the proper injection A —> fe ..   Since

lbA   is contractible we have by [4, Lemma 4] that Ep,qÍG, &A> = 0 for p > 0.

Hence H   (G, fe^) is given by the complex of continuous cochains.   Since G

is locally compact continuous cochains are effaceable, and it follows that con-

tinuous cochains are effaceable in  M^,.   We have verified Buchsbaum's criterion

for the H   (G, A).   Therefore:

Theorem 2.   // G zs locally compact, a-compact, finite dimensional and A

has property  F, H *(C, /O = ß *(C, A ) described above.

4.   Speelral sequence.   In this section all groups will be finite dimensional,

locally compact, cz-compact and all modules will be in  JHG.

If A   is a vector space the spectral sequence collapses from  E2  onward

and we get:

Theorem 3.   H   (G, A) is given by the complex of continuous cochains if

A  is a vector group.

Corollary.   // G is a connected Lie group H *(C, A) = H   (§, K, A) the Lie

algebra cohomology of G modulo the Lie algebra of a maximal compact subgroup,

if A  is a finite dimensional vector space on which  G acts linearly and differ-

entiably.



92 DAVID WIGNER

Proof.   Hochchild and Mostow [7] have shown  H   (§, K, A) is given by con-

tinuous cochains in this case.

Now let A  be a discrete G-module.   We will see that the algebraic cohomology

H   (G, A) coincides with the sheaf cohomology of the classifying space.   Let n:

EG —> BG  be a principal universal G-bundle with paracompact base.   There is a

semisimplicial G-space whose 72-simplex is the in + l)-fold fiber product  F    of

EG over BG,  by regarding the (rz + l)-fold fiber product as the set of maps of

10, 1, • • -, n\ into EG whose range is contained in a single G-orbit,  G acts on

EG xfi     EG ■ • • xß     EG by the diagonal action.   Consider the sheaves of germs

of continuous sections of the associated bundles  F   x,. A —» F /G.   Thev form
71        & 71 '

a semisimplicial sheaf and by applying the canonical semisimplicial resolution

functor we get a double complex which we denote by  Rp,q.   The injection of G

into the fiber of n induces a homomorphism Rp,q —» Dp,qiG, A).   This induces a

map from the first spectral sequence of the double complex Rp,q into the spectral

sequence described in the last section.   On the Ej   terms we get the map:

0 — H*iEG, A)- H*iEGxB    EG,A)-....

1 i   G
0 — «"(point. A) — H*iG, A)

But

rz + 1 times

EGXBG   ■"XBg   EC

71 times

is homeomorphic to Ec x G x • • • x G which is homotopy equivalent to G x • • ■ x G.

Therefore by the homotopy axiom for sheaf cohomology with constant coefficients

[2] we have an isomorphism of E,   terms.   Hence the  EM terms coincide.

Now for each point x  of BG pick a section  sj: BG —' EG which is continuous

in some neighborhood of x.   For  an   72-tuple   ie v ■••, e J   in   EG xfi     •••

Xß Er- with nie.) = b define k  : F   —» F     .by  kie     ■ ■ ■ , e A
O 1 X n 71 + l'Xl 7!

is  (b), e j, ■ ■ • , e  )•   Now an element of Rp'q is represented by a function /:

(F*)*»*1 —A  so define h: Rp-« ̂  Rp-q-x by  hf(XQ, ..., XA = fikAXA
<?

0'  '       '      p'  ~ ' v   ¿>      0'

kAX ), - ■ ■ , k,(X ))   where  è = rr(Xn).  è is  well-defined  since   sfc  is  con-

tinuous in  a neighborhood of   ¿>.    Let   d: Rp'q —> Rp-q+l   be  induced by the

space map.   d   is  then  the  0th  differential  of the  second  spectral   sequence

of the double   complex   Rp'q.    dh + hd = identity unless   a = 0.    The  kernel

of d  on   Rp'      consists  just  of  functions  constant  on  the   G-orbits  of

FA..   Hence the  E     term of the second spectral sequence of Rp,q is the canon-

ical resolution of the locally constant sheaf  A   on   BG.   Therefore
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Theorem 4.   ß   (G, A) is the sheaf cohomology of the classifying space Br

with coefficients in the locally constant sheaf A,   if A   is a discrete G-module.
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